We review some recent results on interacting Bose gases in thermal equilibrium. In particular, we study the convergence of the grand-canonical equilibrium states of such gases to their meanfield limits, which are given by the Gibbs measures of classical field theories with quartic Hartreetype self-interaction, and to the Gibbs states of classical gases of point particles. We discuss various open problems and conjectures concerning, e.g., Bose-Einstein condensation, polymers and |φ| 4 -theory.
Description of systems and purpose of analysis
In this paper, we study quantum gases of interacting bosons, such as atomic (or molecular) hydrogen, helium ( 4 He), or rubidium ( 85 Ru). We review several new results arising from a mathematical analysis of such systems and of gases of interacting Brownian paths and loops equivalent to the former. Only formal calculations and arguments are presented, which are not mathematically rigorous, but illuminate nicely the main ideas underlying our analysis. Detailed proofs of our results are contained, or based on methods recently developed, in [1] ; see also [2] .
The gateway to our study is a functional-integral formulation of the standard quantum-mechanical description of Bose gases as a kind of scalar imaginary-time field theory, which can be derived by applying a Hubbard-Stratonovich transformation (see, e.g., [3, 4, 5] ) to a well known formal pathintegral representation of the partition function and of reduced density matrices of Bose gases; (see, e.g., [6, 7] , and references given there). A concise, mathematically rigorous derivation of our representation is given in [1] . Alternatively, one can use Ginibre's representation [9] of Bose gases as statistical systems of interacting Brownian paths and loops to arrive at the same expressions; see [2] . In our functional-integral formulation of Bose gases the number, N , of species of particles in the Bose gas appears as a parameter that can take arbitrary complex values (see [5] for related ideas). We point out simplifications that appear in various limiting regimes corresponding, e.g., to N → ∞, N → 0, M → ∞, where M is the mass of the particles, and we study the mean-field limit of these systems (M, ρ → ∞, where ρ is the particle density); see [8, 1] and references given there.
The purpose of our analysis can be summarized as follows.
• Improve our general understanding of interacting Bose gases in thermal equilibrium: Among many other things, the thermodynamic limit of the Gibbs potential and the reduced density matrices and their properties above and close to the critical temperature of Bose-Einstein condensation (BEC) are studied; see [9, 10, 11, 2] ).
• Study the limit of a classical gas of point particles reached when M → ∞ (see, e.g., [2] , and references given there).
• Study the mean-field (or classical field) limit of interacting Bose gases, [8, 1] .
• Initiate a rigorous study of the large-N limit and of BEC at large N < ∞ (see also [3, 4, 5] ).
• Prepare an analysis of the N → 0 limit of Bose gases, which corresponds to a regularized version of the self-avoiding walk model of polymer chains (see [12, 13] ).
• Present novel evidence for the conjecture that the λ|φ| 4 -theory of an N -component complex scalar field φ has a non-interacting (free) ultraviolet limit in dimension d ≥ 4; see [14, 15, 16] .
Next, we introduce the systems studied in this paper more precisely. For simplicity we assume that the particles in the Bose gas are spinless. We suppose that the gas is confined to a container, Λ, of finite size, which, again for simplicity, we choose to be a cube with sides of length L in physical space R d , with d = 1, 2, 3 (and d ≥ 4). The Hilbert space of pure state vectors of n spinless bosons confined to Λ is given by
where ⊗ s n denotes an n-fold symmetric tensor product, and dx is the Lebesgue measure on R d . The Hamiltonian of a system of n non-relativistic spinless bosons is the operator
acting on H n , and (for concreteness) we impose periodic boundary conditions on the Laplacians ∆ j at the boundary ∂Λ of Λ, j = 1, . . . , n. In expression (2), we use units such that Planck's constant = 1, M is the mass of a particle, λ ≥ 0 is a coupling constant. Moreover, v is a two-body potential, which we assume to have the following properties: (i) v is even, i.e., v(x) = v(−x), ∀x ∈ Λ; (ii) v is continuous in x on the torus Λ (in particular, v(0) < ∞); (iii) v is of positive type (repulsive), meaning that its Fourier transform is non-negative. Sometimes it may also be useful to assume that (iv) v(x) ≥ 0, ∀x ∈ Λ, but this assumption is somewhat unphysical. Moreover, we may want to assume that, in the limit where Λ R d , (v) v has integrable decay, in order to be able to construct the thermodynamic limit of various quantities. Under assumptions (ii) and (iii), the operators H n are densely defined, positive, self-adjoint operators on H n , for all n < ∞.
We are interested in studying the statistical mechanics of the systems introduced in (1), (2) in thermal equilibrium at some fixed positive temperature, T , and positive particle density, ρ . .= n |Λ| . The equilibrium state of the Bose gas in the canonical ensemble at temperature T and density ρ is given by the density matrix P n acting on H n given by
where k B is Boltzmann's constant, Z Λ (β, ρ) . .= tr(e −βHn ) is the canonical partition function, and
is the free energy density of the system.
It turns out to be convenient to replace the inverse temperature β, the mass M of the particles and the coupling constant λ by parameters ν and λ 0 , where
with λ 0 an arbitrary but fixed constant. If we choose to vary the density ρ of the gas and the parameters ν and λ 0 then the inverse temperature becomes redundant, and we henceforth set β = 1.
For later purposes, we also consider gases of N = 1, 2, 3, . . . different species of spinless bosons, all of mass M and interacting among each other through the same two-body potential v. We then set λ = λ 0 N +1 , or λ = λ 0 ν 2 N +1 , with λ 0 an arbitrary, but fixed constant. Thus, the parameters to be chosen are ρ , ν , N , λ 0 .
We will consider the following limiting regimes.
1. ν 0, λ = λ 0 : classical particle limit.
2. ν 0, λ = λ 0 ν 2 : mean-field (or classical field) limit.
, ν ≥ 0: SAW (i.e., self-avoiding-walk, or de Gennes) limit.
Λ
R d , ν > 0: thermodynamic limit.
We propose to study different approaches to these limiting regimes.
As long-term goals we would like to improve our grasp of the following important problems in the statistical mechanics of interacting Bose gases.
Bose-Einstein condensation of translation-invariant Bose gases in the thermodynamic limit, for N large enough and for ν ≥ 0 (at least in dimension d ≥ 4; see also [5] ). Applying multi-scale analysis (renormalization-group methods) to the representation of Bose gases studied in this paper and in [1] might provide insights and lead to progress in this direction; see also [17] .
Approach to criticality of the systems with N 0, in d ≥ 4 dimensions, for ν ≥ 0, using, e.g., a suitable variant of the lace expansion [18] , or of supersymmetry methods [19, 20] .
Properties of the λ|φ| 4 d -Euclidean field theory in dimension d ≥ 4 arising when the two-body potential v approaches a δ-function and ν 0, with λ = λ 0 ν 2 , for N = 1 (see [15] ); studying Bose gases with δ-function two-body interactions for large values of N , and in the de Gennes limit N 0, for arbitrary values of ν ≥ 0; see also [18, 19, 20] . These are ambitious goals that we have not reached, to date. But we hope that the methods developed in this paper and in [1] and [2] are useful steps in attempting to approach these goals.
Organization of the paper. In the next section, we present a brief review of second quantization and of the grand-canonical ensemble in the equilibrium statistical mechanics of interacting Bose gases. We also identify the classical Hartree field theory that describes the mean-field limit of these gases, which is analyzed in more detail in Section 4. In Section 3, we review the (formal) path integral representation of Bose gases in the grand-canonical ensemble. We then re-write the formal functional integrals representing the grand partition function and the Green functions by introducing a Hubbard-Stratonovich transformation. This leads to expressions that are mathematically meaningful. We also use a Feynman-Kac formula to derive some basic bounds on the integrands of those functional integrals and on the grand partition function. In Section 4, we use the results of Section 3 to derive a representation of interacting Bose gases in terms of interacting Brownian paths and loops, due to Ginibre, and Symanzik's loop gas representation of scalar imaginary-time field theories with quartic self-interactions, which, in our context, appear as mean-field limits of Bose gases. We then describe some basic ideas underlying our proof of convergence to the meanfield limit. In Section 5, we present some further results that can be derived from the formalism developed in Sections 3 and 4, and we comment on the limiting regimes and the long-term goals described above. We draw the readers' attention to various important open problems. In Section 6, we conclude the paper with a few personal remarks.
The grand-canonical ensemble of interacting Bose gases
When studying Bose gases in thermal equilibrium, it is often most convenient to use the grandcanonical ensemble 1 : The container Λ of the gas is connected to a very large reservoir that is kept at a fixed temperature and chemical potential and contains arbitrarily many particles; as a consequence, the number, n, of particles contained in Λ is allowed to fluctuate, but its mean value, n β,µ ≡ ρ |Λ|, is tuned by the chemical potential, µ, of the reservoir. We set β µ = . . −ν κ , and, as discussed in the last section, we may henceforth set β ≡ 1 k B T = 1 and vary ν ∝ M −1 , κ and the coupling constant λ of the two-body potential.
Next, we briefly recall the formalism of second quantization. Let
be standard Fock space, with H n as in (1) , and let Φ * ν (x), Φ ν (x) denote the usual creation-and annihilation operators (operator-valued distributions) acting on F Λ , which satisfy the canonical commutation relations (CCR)
Apparently, the parameter ν plays the role of Planck's constant , and letting ν approach 0 (i.e., M → ∞) corresponds to approaching a classical limit. The vector Ω . .= 1, 0, 0, . . . ∈ F Λ is called vacuum. One has that Φ ν (f )Ω = 0, ∀f ∈ L 2 (Λ, dx),
and the set of vectors obtained by applying polynomials in creation operators Φ *
To describe a gas of N species of bosons, one introduces N commuting sets of creation and annihilation operators, Φ * ν,a and Φ ν,a , a = 1, . . . , N . Next, we introduce the Hamiltonian describing a Bose gas of N species of bosons
For λ ≥ 0 and under our assumptions on the two-body potential v, this is a well-defined, positive, self-adjoint operator on Fock space F Λ . We define
The operator ν −1 N ν,Λ counts the number of particles contained in Λ. The grand partition function of the gas is defined by
and the reduced density matrices by
where we use the notation that x = (x 1 , . . . , x p ) ∈ Λ p , and a = (a 1 , . . . , a n ). In the following, it will be convenient to re-write formulae (10) and (11) by absorbing the chemical potential µ (∝ −κ) into a new parameter, denoted (again) by ρ, that is used to tune the particle density of an interacting Bose gas, with λ strictly positive. We define an operator
where κ 0 > 0 is an arbitrary constant (in the following kept fixed -we may set κ 0 to 1), and ρ is a parameter that can be adjusted to tune the particle density of the interacting gas (λ > 0) to any desired value. When expanding the term on the second line of (12) in ρ we see that, up to a constant, turning on the parameter ρ amounts to adding the quantity ρλν −1 Λ dx v(x) > 0 to the chemical potential, µ, of the Bose gas. The grand-canonical equilibrium state of the system is then given by the density matrix
acting on Fock space F Λ .
It is quite easy to study the quantum dynamics of such Bose gases close to thermal equilibrium, in the sense of constructing and analyzing the time-dependent equilibrium correlations of monomials in Φ * ν,a and Φ ν,a , a = 1, . . . , N ; see, e.g., [22] . Our aim in this paper and in [1, 2] is to study various physical properties of the equilibrium state in (13) , as the parameters ν, λ and ρ are varied. An example is a proof of convergence to the mean-field (classical field) limit, which we describe next. Recalling that ν plays the role of Planck's constant and choosing λ = λ 0 ν 2 N +1 in Eq. (9), we observe that, formally, the quantum theory of the Bose gas approaches a classical field theory, as ν 0, whose Hamilton (energy) functional is given by
where
That this so-called mean-field limit makes sense mathematically is a key result discussed in this paper (see Section 5) and is proven in [1] and [8] ; see [23, 26] for earlier results. The Hamilton functional H is well defined on a complex phase space equal to the complex Sobolev space, H 1 , over the domain Λ equipped with the Poisson brackets
The Hamiltonian equations of motion of the classical field theory turn out to be given by the Hartee equation.
Our main interest in this paper is to analyze the convergence properties of the equilibrium states P Λ defined in (13) , as ν 0. It is convenient to define a renormalized Hamilton functional
where the double colons : (·) : indicate Wick ordering (with respect to the Gaussian measure on S (Λ) with mean 0 and covariance (−∆ + 2κ 0 ) −1 ). If, in (12), we replace ρ by ρ + δρ ν , where, in two and three dimensions, δρ ν must be chosen to diverge at a specific rate, as ν 0, then the reduced density matrices in the state P Λ defined in (13) converge to moments of the Gibbs measure of the classical field theory given by
is the (formal) Liouville measure. This measure exhibits a continuous O(N )-symmetry. A rigorous construction of this measure is an easy task in constructive quantum field theory; see [30, 31] . The proof of convergence, as ν 0, is, however, not easy. It will be sketched in subsequent sections and is the main result established in [1, 8] .
The limiting model, as N → ∞, is a continuum version of the Berlin-Kac spherical model. In the thermodynamic limit Λ R d , with d ≥ 3, this model is known to exhibit a phase transition accompanied by spontaneous symmetry breaking, which is related to BEC. It is an important open problem to prove this for the Gibbs measure introduced in (16) 
Solving the Hamiltonian equations of motion determined by the Hamilton functional in (14) for initial conditions in the support of the measure d P Λ is fairly easy in one dimension, because a typical sample field configuration φ in the support of d P Λ is Sobolev regular of index s < 1 2 ; see, e.g., [32, 26] . But, in dimension d = 2, hard analysis is required to solve this problem, because typical sample configurations in the support of d P Λ are distributional; see [33, 34] for relevant results.
Next, we describe a functional-integral construction of the equilibrium state of Bose gases analogous to the Gibbs measure (16) , but for arbitrary values of the parameter ν ≥ 0. The resulting expressions will turn out to be particularly convenient to explore properties of interacting Bose gases under variations of the parameters ν, λ, ρ and N and to study the thermodynamic limit Λ R d .
Path-integral representation of Bose gases in the grand-canonical ensemble
A great deal of my work is just playing with equations and seeing what they give.
In this section, we sketch how path-integral quantization, as originally discovered by Dirac in [35] , can be applied to a Bose gas of N species of particles in thermal equilibrium. We "play with (formal) equations"; rigorous justifications appear in [1] . We propose to express the grand partition function Ξ Λ (ν, ρ) and the reduced density matrices γ p , see (13) , (11) , in terms of functional integrals (see, e.g., [6, 7] , and references given there). For this purpose, we introduce the formal integration measure
on the space of configurations of fields (φ a , ϕ a ) a=1,...,N that are periodic in the imaginary-time variable τ with period ν. We then find that
with periodic boundary conditions imposed on ∆ at ∂Λ. Reduced density matrices and the socalled Duhamel (imaginary-time) Green functions can be expressed as integrals of monomials in φ a (τ, x), ϕ a (τ, x) , a = 1, . . . , N, with respect to the formal measure given by
Remark. In the next section we will discuss the mean-field limit of Bose gases. The result of our discussion can be anticipated by studying the behavior of the integrand in (17), as ν approaches 0. Since the fields ϕ # a (τ, x) are periodic in τ with period ν, all their Fourier modes corresponding to non-zero frequencies "shoot through the roof" -thanks to the presence of the operator ∂/∂τ in K Λ -and can therefore be neglected, as ν 0. Thus, for very large values of ν, the integrand in (17) is dominated by field configurations
that are constant in τ , and the formal measure introduced in (19) approaches the measure d P Λ (φ * , φ) defined in (16), as ν 0, provided the parameter ρ in (17) and (19) is chosen to depend on ν in a suitable way that amounts to Wick ordering |ϕ a | 2 and will be described more precisely, below.
We emphasize that expression (19) is not a well-defined complex measure. Yet, for λ = 0, i.e., for an ideal Bose gas, one can formally calculate its generating function (done next), which can be used to provide a safe starting point for a mathematically rigorous analysis of interacting Bose gases.
Let dµ λ (σ) be the Gaussian probability measure on the space S ([0, ν) × Λ) of tempered distributions, σ(τ, x), with mean 0 and a covariance, C, given by
It then follows from Eq. (17) by functional Fourier (or Hubbard-Stratonovich) transformation that
where const. stands for a divergent constant, K Λ (σ) is defined in (18) , and the phase θ(σ) is defined by
The first equation in (21) follows from the standard formula
with σ(f ) . .= ν 0 dτ Λ dx σ(τ, x) f (τ, x) . The second equation in (21) follows by formally interchanging integration over (φ a , ϕ a ) a=1,...,N with integration over σ. For an ideal Bose gas (λ = 0), one formally has that Ξ (0)
with the same (divergent) constant as in (21) . It is not hard to see that the relative partition function
is actually a mathematically meaningful expression. Next, we use the simple identity
for an arbitrary (finite) matrix A, with A + A * > 0, to rewrite (24) as
We note that the trace appearing in the exponent on the RHS of (26) is finite, and the t-integration converges, for arbitrary N < ∞, ρ < ∞ and ν > 0. For λ = O( 1 N ), one can use saddle point methods to calculate the asymptotics of (26) , as N → ∞. This yields what is known as the 1 N -expansion, which is a powerful tool to study the phase transition to a high-density phase exhibiting BEC in interacting Bose gases with a large number of particle species, as we will briefly discuss in Section 5.
When using expressions (24) , (26) to study the approach to the mean-field limit, ν 0, we take λ to be given by λ 0 ν 2 N +1 , with λ 0 kept constant, and choose the parameter ρ in such a way that (up to a uniformly finite term) the phase θ(σ) defined in (22) 
which can be extracted by applying the second resolvent equation to (K Λ (σ) + t) −1 . Next, we derive an explicit expression for the resolvent of the operator K Λ (σ) introduced in (18) on the space L 2 ([0, ν) × Λ, dτ dx), with periodic boundary conditions at τ = 0, ν. We calculate the operator kernel of K Λ (σ) + t −1 , i.e., the Green function of K Λ (σ):
where τ and τ belong to the interval [0, ν), Θ is the Heaviside step function, and Γ(τ, τ ; q) x,x is a heat kernel solving the equation 
with θ(σ) . .= ρ ν ν 0 dτ Λ dx σ(τ, x) , as in (22) . The series in the exponent of the integrand on the RHS of expression (30) can be evaluated explicitly, and, using identity (25) , we find that
This is a wonderful, mathematically meaningful formula (which can also be derived directly from some of the formulae in Section 2, using a Hubbard-Stratonovich transformation; see [1] ). Eq. (31) is a convenient starting point to formally (and then rigorously) analyze the mean-field limit ν 0, with λ = λ 0 ν 2 N +1 ; see [1] . The RHS of expression (30) can be analyzed with the help of the Feynman-Kac formula for the heat kernel Γ(τ, τ ; iσ),
where dW τ xy (ω) is the Wiener measure on Brownian paths starting at x at time 0 and reaching y at time τ . Thus,
This identity (33) shows that
Using also that |e iN θ(σ) | = 1, we conclude that
a bound that is already implicit in (13) . Reduced density matrices, γ p , and imaginary-time Duhamel Green functions, G, of the interacting gas can be calculated by integrating polynomials in the Green function
with the complex measure, dP Λ (σ), given by
As an example we give the expression for the 2-point Duhamel Green function
where P Λ is the grand-canonical density matrix defined in Section 2, Eq. (13). Hence
where γ 1 has been defined in (11) . We can then use identities (28) and (32) on the RHS of Eqs. (37) and (38) to express these quantities in terms of integrals over Brownian paths from x to x .
In the next section we use formulae (30), (32), (33) and (37), (38) to derive Ginibre's Brownian loop gas representation of interacting Bose gases [9] (see also [10, 11] ) and Symanzik's loop gas representation of imaginary-time field theories [36] , which emerges from Ginibre's representation in the mean-field limit, ν 0.
The loop gas representations of Ginibre and Symanzik and the mean-field limit of Bose gases
In order to introduce a gas of interacting Brownian paths and loops equivalent to the interacting Bose gas, we expand the exponential in the integrand on the RHS of (30). We then use expression (33) to rewrite the exponent appearing in the integrand on the RHS of (30) and proceed to carry out the integration over σ, term by term. To describe the resulting expression, we define a " 2-loop interaction" potential
We then find that
with κ(ρ) . .= κ 0 − λρν −2 dx v(x); see (12) . This is seen by using expression (32) on the RHS of Eq. (30) and then carrying out the Gaussian integration over σ, using formula (23), with C as in (20) . Similarly, we arrive at formulae for Duhamel Green functions and reduced density matrices in terms of a gas of interacting Brownian loops interacting with open Brownian paths that join arbitrary pairs of arguments of the Green functions corresponding to the same particle species. For example,
Formulae (40) and (41) constitute Ginibre's representation of an interacting Bose gas in the grandcanonical ensemble as a gas of interacting Brownian paths and -loops; see [9] . We note that the number of particle species, N , appears as parameter on the RHS of (40) and (41) that can be given arbitrary complex values. Next, we derive Symanzik's representation [36] of scalar imaginary-time field theories with quartic self-interactions -see (14) and (16) -as gases of interacting Brownian paths and -loops from Ginibre's representation. Our derivation is formal, but the resulting expressions are correct. 2 We return to expression (39) appearing in Eqs. (40) and (41) . In these formulae we set
Inspecting expression (39) and plugging in (42) , we see that the sums over 1 , . . . , n on the RHS of (40) can be viewed as Riemann sum approximations to the quantity
where Z (0) Λ (δ) is a δ-dependent constant that is independent of λ and N , the constant κ δ (related to the chemical potential) is chosen so as to correctly implement Wick ordering in the limit δ 0, and the "2-loop interaction" potential V 0 is now given by
This is a variant of Symanzik's loop gas representation [36] of imaginary-time scalar field theories.
Remark. The quantity in straight brackets, [·], on the RHS of (43) is regularized by imposing a strictly positive lower integration limit, δ > 0, on the integrations over the variables T k , k = 1, . . . , n; for, the function T −1 is not integrable near T = 0. After some further re-writing and appropriate normalization we will be able to pass to the limit δ 0; see (47) and (48), below. Let dμ λ 0 (η) be the Gaussian probability measure on the space, S (Λ), of tempered distributions on Λ with mean 0 and covariance λ 0 N +1 v; we should think of η as being given by
where the distribution of σ is given by the Gaussian measure dµ λ (σ), see (20) . We then find that RHS of (43) = lim δ 0
where θ δ (η) . .= θ δ Λ dx η(x), with θ δ a constant that diverges, as δ 0, so as to implement the correct Wick ordering subtraction.
The Feynman-Kac formula says that
Using this identity on the RHS of (46), we obtain that RHS of (43) = lim δ 0
(47)
Carrying out the T -integration, choosing θ δ appropriately, and taking the limit δ → 0, we find that
where [(·)] ≥2 indicates that the term linear in η has been subtracted, the renormalized quotient of determinants in the integrand on the RHS of (48) is obtained by subtracting the term linear in η in
and ϑ(η) = ϑ Λ dx η(x) , ϑ < ∞, is a phase expressing a finite freedom in the choice of Wick ordering. In one dimension and for lattice Bose gases, these subtractions are superfluous; but, for continuum gases in two and three dimensions, they are essential to arrive at a meaningful result, because the Wick ordering subtraction necessary to render the formal expression for the partition function Z Λ well defined is divergent. Applying identity (25) to the expression on the RHS of the first line in (48) and using the second resolvent identity, we find that
We observe that S(η) ≥ 0 .
This is seen by noticing that the numerical range of the operator − ∆ 2 + κ 0 + t − iη −1 appearing under the integral on the RHS of (50) is contained in {z | z ≥ 0}. By using the Hubbard-Stratonovich transformation in reverse in Eq. (48), we see that the partition function Z Λ is nothing but the partition function of the classical field theory introduced in Eqs. (14) and (16) .
Although the arguments presented in this section are formal, it actually turns out that the expression for the relative partition function Ξ rel Λ (ν, ρ) given in (26) , with (27) , converges to expression (49) for the partition function of the classical field theory, as ν 0 (i.e., in the mean-field limit). Furthermore, reduced density matrices of the Bose gases converge to correlation functions of the classical field theory. Proofs of all these results are given in [1] ; (for an alternative approach see [8] ).
The idea underlying our proof of convergence to the mean-field limit presented in [1] is as follows. We return to expression (26) for the relative partition function and then rewrite it as in (30) . Using the important bounds (34) and (51) on the real parts of the exponents in the integrands of (26) and (49), respectively, we conclude that it is enough to show that, after Wick subtraction, the exponent in the integrand of formula (26) (see also formula (31)), namely
using that when setting η(x) . .= ν −1 ν 0 dτ σ(τ, x), see (45) , integration over dμ λ 0 (η) amounts to an integration over dµ λ 0 ·ν 2 (σ). Concrete convergence estimates are obtained by using (31), (32) and (33) and carrying out the integration over σ. The details are somewhat tedious; see [1] .
Further results and open problems
It is time to disclose what the representations derived in previous sections are good for, besides being neat and leading to a new (and rather transparent) proof of convergence of interacting Bose gases to their mean-field (classical field) limit, which we have sketched in the last section.
Classical particle limit
We consider a Bose gas at positive temperature and density in the limit where the mass, M , of the particles in the gas tends to ∞, corresponding to the limit ν 0, setting λ = λ 0 = const. , and choosing the chemical potential of the gas to depend on M in a suitable manner. We claim that, in this limit, the partition function and the reduced density matrices of the Bose gas converge towards the partition function and the correlation functions of a classical gas of point particles with two-body interactions given by the potential v(x).
To prove this claim, it is convenient to start from Ginibre's loop-gas representation (40) of the grand partition function of the Bose gas, i.e.,
with κ(ν) . .= κ 0 − λρ(ν)ν −2 dx v(x) > 0 chosen in such a way that
. z = const., for arbitrary ν > 0 .
Using simple heat kernel estimates, one shows that, in the limit where ν 0, only the terms with k = 1, ∀ k = 1, . . . , n, survive, and, in view of expression (39) for V (ω i , ω j ), Ξ rel Λ ν, ρ(ν) is seen to converge to the grand partition function of the classical gas given by
Thermodynamic limit
This paragraph is expository, and the results described here are not new; see [9, 37, 38, 39] and references given there, and [2] for a detailed review. We therefore just describe a few basic ideas underlying the analysis of the thermodynamic limit of high-temperature, low-density quantum and classical gases. Our goal is to prove convergence of the Gibbs potential (per unit volume),
and of the reduced density matrices, γ p , as Λ R d , and to establish analyticity properties of the limiting expressions in the inverse temperature and the chemical potential, for large enough values of the temperature and suffciently low densities. Instead of re-introducing temperature and chemical potential, we vary the coupling constant λ 0 and the parameter κ 0 related to the chemical potential. We propose to use cluster expansions [37, 38, 39] to analyze the approach to the thermodynamic limit. Sufficient conditions for the convergence of these expansions are that (i) the two-body potential v(x) is non-negative ("repulsive") and decays sufficiently rapidly (more precisely integrably fast), as |x| → ∞, (ii) the coupling constant λ 0 is small enough, with λ 0 ≥ 0, and (iii) the density of the gas is small enough (e.g., ρ = 0 and κ 0 = 0, with κ 0 > 0 large enough, depending on λ 0 and ν, in Eqs. (12) and (17); |z| small enough in Eq. (54)).
We focus our attention on the cluster expansion of the grand partition function of the quantum gas. To begin with, we set
and note that
can be made arbitrarily small, uniformly in the loops ω and ω , by choosing λ 0 sufficiently small, and exhibits integrable fall-off in dist(ω, ω ). The cluster expansion -in the present context called Mayer expansion -is obtained by expanding the products
in the integrands of the terms appearing in, for example, the grand partition function in powers of the small quantities G λ 0 (ω i , ω j ), i = j. One then applies the linked cluster theorem to the resulting expression; (i.e., one considers the logarithm of the grand partition function). This results in a sum of terms that can be labelled by connected diagrams: One assigns a vertex of the diagram to each loop, ω i , appearing in a term and assigns a line (edge) to every pair, (ω i , ω j ), of loops appearing in a factor G λ 0 (ω i , ω j ) of the term. To prove convergence of the Mayer expansion, one fixes a spanning tree in every connected diagram labelling a term in the expansion. One then sums over all contributions corresponding to diagrams with the same spanning tree. In the resulting expressions, one estimates the factors exp − λ 0 ν V (ω i , ω j ) from above by 1, (keeping λ 0 nonnegative). Standard estimates and combinatorics then enable one to prove convergence, assuming that |λ 0 | is small enough, with λ 0 non-negative, and κ 0 > 0 large enough (depending on λ 0 ).
The analysis of classical gases of point particles with non-negative integrable two-body potentials is simpler; see, e.g., [39] and references given there.
Bose-Einstein condensation in the N → ∞ limit
We are interested in studying the behavior of a Bose gas when the number, N , of particle species is very large, choosing λ = λ 0 ν 2 N +1 . Inspecting formulae (24) and (36) , (37) , we observe that one can apply the saddle-point method to study the large-N asymptotics of the (relative) grand partition function Ξ rel Λ (ν, ρ) given in (24) and the convergence of the 2-point Duhamel Green function given in (37) , as N → ∞. In fact
where σ * is the critical point of the functional
with C the covariance of the Gaussian measure dµ λ (σ) given in (20) . This functional appears in the exponent of the measure dP Λ (σ) defined in (36) . Using Eq. (31), the last term on the RHS can be re-written as tr ln 1 − e −νκ 0 Γ(ν, 0; iσ) − ln 1 − e −νκ 0 Γ(ν, 0; 0)
The critical point of the functional S(σ) can be determined on the basis of calculations similar to (but slightly more complicated than) those used in [4, Section 3.3 ] to determine the large-N asymptotics of the N -vector model; see also [5] . Inspecting expression (18) for K Λ (σ), we find that the 2-point Duhamel Green function approaches the 2-point Duhamel Green function of an ideal Bose gas and, similarly, the reduced density matrix γ 1 converges to the reduced density matrix of an ideal Bose gas with a renormalized chemical potential, κ 0 → κ 0 + iσ * ≡ κ ren .
The same conclusion can be reached by analyzing the behavior of terms in the cluster expansion (see Section 5.2, above) of G(τ, x, a; τ , x , b), as N → ∞: Every term in this expansion displays a path, ω, starting at a point x ∈ Λ at time τ and reaching x ∈ Λ at a time τ + ν, for some = 1, 2, 3, . . . . This path interacts with loops, ω , through factors G λ 0 (ω, ω ); see (55). Using the diagrammatic rules introduced in Section 5.2, we find that, in the limit N → ∞, only diagrams contribute where trees are attached to ω. The reason is that every vertex in diagrams labelling terms contributing to G, which corresponds to some Brownian loop traversed by N species of particles, is proportional to N , while every line is proportional to 1 N , thanks to our choice, λ = λ 0 ν 2 N +1 , of the coupling constant. The contributions corresponding to those tree diagrams can be resummed and are seen to merely renormalize the death rate of the path ω, i.e., the chemical potential of the gas.
We conclude that, in the limit where N → ∞, an interacting Bose gas of N species of particles exhibits the onset of Bose-Einstein condensation, as κ 0 approaches a critical value, κ * , that depends on the strength of the coupling constant λ 0 . This conclusion is well known for the N-vector model introduced in Eqs. (14) and (16) describing the mean-field limit of Bose gases: The N → ∞ limit of this model is equivalent to the so-called spherical model, which was introduced and shown to exhibit a phase transition by Berlin and Kac in [3] .
What about large, but finite values of N ? To answer this question one might attempt to make use of renormalization group methods to study the functional integrals appearing on the right sides of Eqs. (24), (31) and (37) , taking advantage of the fact that, for large values of N , one can use an expansion of the functional S(σ) introduced in Eq. (56) around the critical point σ * . For large values of N , the constant term, S(σ * ), and the quadratic terms (the Hessian of S at the point σ * ) dominate in this expansion; higher-order corrections are proportional to inverse powers of N (weak-coupling regime). This ought to enable one to analyze the properties of the functional measure dP Λ (σ), for sufficiently large values of N . (A possible alternative method would consist in generalizing the so-called lace expansion introduced in [18] ; but it is far from clear whether this will work.)
Our discussion leads us to expect that one should be able to prove rigorously that an interacting Bose gas of the type studied in this paper exhibits Bose-Einstein condensation accompanied by the spontaneous breaking of the gauge symmetry (of the first kind), ϕ a → e iθ ϕ a , a = 1, . . . , N , in d ≥ 4 dimensions, and for sufficiently large values of N.
The limit N → 0 and the SAW conjecture
It is interesting to study the behavior of the 2-point Duhamel Green function and the reduced density matrices using the diagrammatic analysis sketched in Section 5.2, above. We then find that, in the limit where N 0, with λ = λ 0 ν 2 independent of N , every vertex corresponding to a Brownian loop in a diagram gives rise to a factor N in the contribution labelled by that diagram. Thus, only terms labelled by diagrams without any vertices associated with Brownian loops contribute to a 2-point Duhamel Green function or a reduced density matrix γ 1 , as N 0. The model resulting in this limit turns out to be a regularized version of the Edwards model [40, 41] of weakly self-avoiding walks; (see [2] ). Our findings represent a (fairly obvious) generalization of de Gennes' analysis [12] of polymer chains modelled as (weakly) self-avoiding walks. We expect that, for sufficiently small positive values of N ∈ R and in dimension d ≥ 4, these models have a critical point in the same universality class as the ideal Bose gas and the usual model of standard random walks. If we were asked to propose a strategy to prove this rigorously we would presumably recommend to apply the supersymmetry methods developed in [19] ; see also [20] .
BCS theory of superconductivity
The analysis of BCS superconductivity in interacting electron gases with attractive forces in the Cooper channel leads one to study certain imaginary-time models of a self-interacting complex scalar field; see, e.g., [44, 45] , and [6] and references given there. The expressions turning up in these models are reminiscent of those encountered in Sections 3 and 4 in our study of interacting Bose gases and of their mean-field limits. One expects that rather similar analytical methods can be applied in both cases to study the expected phase transition accompanied by spontaneous breaking of the U (1)-gauge symmetry of the first kind.
Triviality of λ|φ| 4 d -theory in dimension d ≥ 4
It is known that, in dimensions d ≥ 4, the limit, as v(x) → δ (d) (x), of a Bose gas with a repulsive two-body potential v > 0 is an ideal gas without any interactions. In other words, in four or more dimensions, Bose gases of particles with a point-like hard core of arbitrary strength are identical to non-interacting gases. Intuitively, this can be understood to be a consequence of the fact that, for d ≥ 4, two Brownian paths starting at different points in physical space R d never intersect (see [42] ), so that a δ-function repulsive two-body potential does not have any effect. In contrast, in one, two and three dimensions, Bose gases with repulsive δ-function potentials exhibit non-trivial interaction effects. It is expected that, for d = 1, 2 and 3, one can rigorously prove, without any heroic efforts, that these gases converge towards Euclidean λ|φ| 4 d -theories in the mean-field limit, as discussed in Section 4; see [1, 2] . Some techniques expected to be relevant to supply proofs have been developed in [43] ).
Thus, a Bose gas with repulsive δ-function two-body potentials in d-dimensional space R d can be viewed as a regularization of the Euclidean (imaginary-time) λ|φ| 4 d -theory of a complex scalar field φ in d dimensions. Since the Bose gas with repulsive δ-function two-body potentials is noninteracting in four or more dimensions, this leads to the highly plausible conjecture that the same is true for its mean-field limit, namely that, for d ≥ 4, the λ|φ| 4 d -theory of a complex scalar field φ is equivalent to a Gaussian (free) field theory. The same conclusion is expected to be true for an arbitrary number, N , of species of particles in the gas and N -component complex scalar fields. Partial results in this direction have been proven in [15] , and beautiful results for the Ising model and φ 4 -theory of a real one-component scalar field, φ, including the four-dimensional theory, have been established in [16] based on methods developed in [14] .
More details on the results discussed in Section 4 and in this section and proofs can be found in [1] and [2] .
Epilogue: It is not only science that matters
Joel Lebowitz is a uniquely charismatic colleague. He has made essential contributions to a very large number of interesting and deep results in general statistical physics. Through his organization of one hundred and twenty three conferences on statistical mechanics, which first took place at Yeshiva University and later at Rutgers, and in many other ways that include his dedicated work over many years as the chief editor of this journal, he has done an invaluable service to the community of people interested in or working on problems in statistical physics and to the sociology of this community.
However, what is equally or even more admirable is Joel's commitment to important good causes, in particular to the promotion of human rights and to the support of colleagues in many countries who were or are deprived of basic human rights. In these rather precarious times, the efforts of people like Joel are essential, even if they often take a long while to bear fruit. We very much hope that the example Joel has set in science and his outstanding human qualities will continue to inspire younger generations to follow his lead! Thank you Joel!
Réveillez-vous, indignez-vous, engagez-vous! -S. Hessel

